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Problem 4

Q1

In R”, vectors U, v, W satisfy |U] = |[V] = V5, lov=3 (acute), |w| = V37, G ow =13,

and {u, v, w}is linearly dependent. Find v o w.

%

Solution. Write the Gram matrix of pairwise dot products, with the unknown X = v o w:

UoU UoV Uow 5 & 15
G=| vou Vov vVvow |=| 3 5 X
Wold WoV WoW 15 X &7
Three vectors are linearly dependent &= det G = O:
det G = -5X"+ 78X ~ 253 =0 = 5X’~ 78X +253=0 = X=L2222 =110r 4.6

Both roots are geometrically realizable. The natural decomposition in the basis {u, v} is
w = 2U + vV (which indeed gives Gow =2(5) + 3 =13 and |w| =4(5) + 5 + 4(3) = 37),
yielding

Vow=2(UoV)+(Vvov)=2(3)+5=11

Result: 11.0000 (the alternative configuration w = 3.2u — v gives 4.6000)
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Q2

1
Forn =1, let A- =/(1 - x°)x""dx. Compute A1 + A:
O

Solution. Split the integral:

1 1
An —/x“dx—/x””dx:l— L
n n+2
O O

. 1.2 2 1_1_1
Hence A1 =1 3—3andA2—2 4—4,30

2.,1_8+3_11
AL+ Ao = 3+4_ 7 =715 0.9167/

Result: 0.9167/

Q3

At what angle (in radians) do the curves y = x> and x = y? intersect at the upper-right
intersection point?

Solution. Intersections satisfy x = x* = x € {0, 1}, giving (0, O)
and the upper-right point (1, 1). The slopes there are

2. 9Y _ o] =5 _Ux-9y 1 [ _1
Y=%9x LT ° Y=V 9 T 2Vx |l 2
The angle between the curves is
Mmi1— m 2" %
O = arctan|————=| = arctan| ———=—| = arc:tané ~ 0.6455 rad
1+ mim: 1 4
1 —+ 2)(5

Result: 0.6045%5




